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Abstract. In this paper authors study the generalized (p, q)-elliptic integrals of 
the first and second kind in the mean of generalized trigonometric functions, and 
establish the Turan type inequalities of these functions. 
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1. Introduction 


For given complex numbers a, b and c with c 7^ 0, —1, —2,..., the Gaussian hyper¬ 
geometric function 2^1 is the analytic continuation to the slit place C \ [1, cxd) of the 
series 


F (a, b; c; z) 


2 F 1 (a, b; c;z) = '^ 

n>0 


(a, n){b, n) z^ 
{c,n) n! ’ 


z\ < 1. 


Here (a,n) is the Pochhammer symbol (rising factorial) (•,■«-) : C —)■ C, defined by 


{z,n) 


r(.2 + n) 


n(^+^- 1 ) 

i=l 


for n e Z, see |AS] . 

The integral representation of the hypergeometric function is given as follows [SI 

p. 20] 


( 1 . 1 ) 


F{a, b; c; z) = 


r(c) 


r(c)(c-6) Jo 


- ty-^’-^i - zty'^dt 


Re(c) > Re(a) > 0, | arg(l — z)\ < tt. 

Special functions, such as the classical gamma function P, the digamma function 
and the beta function B{-, ■) have close relation with hypergeometric function. For 
x,y > 0, these functions are defined by 


r(x) 


e ^ dt, 


F(a;)’ 


B{x,y) 


r(x)F(|/) 

T{x + y)' 


respectively. 

Recently, Takeuchi m studied the (p, g)-trigonometric functions depending on 
two parameters. For p = these functions reduce to the so-called p- trigonometric 
functions introduced by Lindqvist in his highly cited paper [Q. In present, there 
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has been a vivid interest on the generalized trigonometric and hyperbolic fnnctions, 
nnmerous papers have been pnblished on the stndies of generalized trigonometric 
fnnctions and their ineqnalities, see, e.g., see [BBVl [BBl^ IBS| iBVlt IBV21 IEGL|. IJW] 
IKVZ] and the references therein. 

The following {p, g)-eigenvalne problem with Dirichlet bonndary condition was 
considered by Drabek and Manasevich |DMj . Let (j)p{x) = \x\P ‘^x. For T, A > 0 and 
> 1 

/ (0p(w'))'+= 0, te(0,T), 

\ m(0) =u{T) = 0. 

They fonnd the complete solntion to this problem. The solntion of this problem also 
appears in m Thm 2.1]. In particnlar, for T = Tip^g the fnnction u(t) = sinp^g(t) is a 
solntion to this problem with A = p/q{p — 1), where 

VTp,, = [\l- dt = -B(l--,-]. 

Jo q \ p qj 


For p = q, TTpq rednces to vTp, see, e.g., [BBVj . In order to give the definition of the 
fnnction sin^ ^, hrst we dehne its inverse fnnction arcsinp g, then the fnnction itself. 
For X e [0,1], set 


Fp^q{x) = arcsinp^g = / (1 - F) 


-i/p 


dt. 


The fnnction Fp^g : [0,1] —)■ [0,7rp^g/2] is an increasing homeomorphism, and 


sinp,g = 





is dehned on the the interval [0,7rp^g/2]. The function siiip^g can be extended to [0, Tip^g] 
by 

sinp^g(a:) = sinp^g(7rp^g - x), x e [vrp,g/2, TipJ. 

By oddness, the further extension can be made to [—TTp^g, vTp.g]- Finally the functions 
siup^g is extended to whole M by 27rp^g-periodicity, see [EHL] . 

The generalized cosine function coSp^g can be dehned as 


coSp^g(x) : M —)■ M, X G M. 


One can see easily that coSp^g is even with period 2np^g and odd in about vrpg/2. 
Setting y = sinp^g(x) and letting x G [0,7rp^g/2], we get 

coSp,g(x) = (1 - = (1 - sinp,g(x)'')^/^’. 


Clearly, coSp^g is strictly decreasing with coSp^g(O) = 1 and coSp^g(7rp^g/2) = 0. From 
the above dehnition it follows that 


(1.2) I coSp^q(x)|^ + I sinp^g(x)|'^ = 1, x G M. 

The generalized tangent function taup g is dehned by 

tanpg(x) = X G {M : X 7 ^ ( 2 ; + l/2)7rp,g, 

coSp,g(x) 


^ G Z}. 
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The usual elementary trigonometric functions are the special case of these {p, q)- 
trigonometric functions when p = q = 2. 

The differential p-arc length for a curve given by the parametric equations x = x{t) 
and y = y it) can be computed as 




dt 


dt 


Let’s call an ellipse as a p-ellipse whose parametric equations are x = acosp(t) and 
y = bsmp{t). The parameter P of the p-ellipse is determined by the integral 

/• 1 Tpl 2 


P = A 


'0 


^aP smp{t)P + bP coSp{t)Pdt. 


Applying the formula fll.2p . we get 

/•TTpl2 


P = A 


= A 


'0 


r-7rp/2 


^ aP(l — coSp(t)P) + bP coSp(t)Pdt 
^oP — {aP — bP) coSp{tydt. 


Letting P = {1 — we can write 

rTTpl2 


(1,3) 


F = 4o 


— rP coSp{t)Pdt. 


Since coSp{t) = smp{7ip/2 — t), so we can write for any function j{x) 


r‘ir/2 


/ TT \ 

j{coSp{t))dt = j [siupi^ - t)j dt. 


Substituting 9 = 7rp/2 — t, we write this as 


p/2 


j{coSp{t))dt = 


p/2 


j (sinp(6')) dO. 


Therefore we replace cosp by sin^ in fll.3p . and obtain 

f'Kpl2 


P = Aa 


— rP sm.p{tYdt. 


This way we expressed the perimeter in terms of the following function 

p7rp/2 

(1,4) E,{r) = / 


-^1 — rP,sm.p{tydt 


which is called p-generalized elliptic integral of the hrst kind. Similarly, we dehned 
the (p, g)-generalized elliptic integral of the hrst kind by 

/*7rp,g/2 

(1.5) 


Ep,q{r) = 


•^1 — smpitydt. 
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Substituting x = sinp q(t) and applying fll.2l) . the formula fll.7|) can be written as 


( 1 . 6 ) 


Epq{r) = / ( 1 — 


For p,q > 1, X E [0,1] and r G [0,1), we define the function arcsnp^ : [0,1] —?• 
[0, Kpq] by 


arcsnpq(x) = arcsnpg(a:, r) = 


dt 




and call it generalized inverse Jacobian elliptic function, where Kpq is called (p, q)- 
generalized elliptic integral of the hrst kind, and dehned as 


(1.7) 


Kpq{r) = 


dt 


lo ^{i-tyii-rny 
Substituting t = sinp^q(6*) in the above formula, we get 

de 


= arcsnpg(l, r). 


"'p.q/2 


Kp,yr) = 


lo i/l- r'?sinp^q(6')5 


Clearly, arcsnpg(a;, r) is strictly increasing in x, and its inverse sup^ : [0,Kpq] [0,1] 

is also strictly increasing, and called generalized Jacobian elliptic function pp. 
Letting t = x^^^ in fll.7p and utilizing the formula fll.ip . we get 


Epq{r) = - 


X 


q Jo 


- a:)-i/P(l - xK)-^/Pdx 


B{l/q,l-l/p) io ^ ^ ^ ^ 


q 

1/1 i\ /I 1 1 1 „ 

= -5 -,1-1- F -,-;l-- + -;r'? 

q \q qj \p q p q 


TT. 


P,<1 


Flh/l 

p q 


—I —]r 

p q 


Similarly, by applying the formulas fll.Op and fll.ip . the function Fp^g(r)can be 
expressed in terms of hypergeometric function as below 


Epq{,r) 



For the convenience of the reader and easy reference we recall from the above 
formulas that for p, g > 1 and r G (0,1), the (p, g)-generalized elliptic integrals of the 
hrst and second kind are dehned as 
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Figure 1. Graphs of i^i. 5 , 2 . 25 (’^), -Ei, 5 , 2 . 25 (’^), -^ 2 , 2 (l) = 3C(r) and 
-^ 2 , 2 (l) = £(l), with 5 , 2 . 25 ( 1 ) = -^ 1 . 5 , 2 . 25 ( 1 ) = 711 . 5 , 2 . 25/2 ~ 1.9937. 


( 1 . 8 ) 


For p 


dt dt 

^1 -r'isinp,g(f)9 Jo ^ {1 - - rn<i) 

j - /l — rH’i 

' Ep,q{r) = yi-r<i smp{t)<idt = y ^ dt 

^P,g(0) = ^ = ^P,q(0)> ^P,g(l) = OO) ^p,<?(1) = 0- 

\ z 

q, we denote 



Kp{r) = Kpp{r) = '^F Q, l;r?’^ , 

and 

Ep{r) = Epp{r) = ^F l;rP^ . 

Obviously Kp = X and Ep = £, for p = 2, where X and £ are the classical elliptic 
integrals of the hrst and second kind, respectively. We refer to reader to see the Book 
|AVV] for the history and the large study on these functions. The generalization 
and the inequalities of elliptic integrals were studied by numerous authors after the 
publication of the landmark paper |BBG] . The generalized elliptic integrals of the 
hrst and second kind on (0,1) are dehned respectively by 

^a,b,ci^) = F{a, b]C] r^), 
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^a,b,c 


» = - 1, b; c; r^), 


for 0 < a < min{c, 1} and 0<b<c<a + b, see |AQVV| . Clearly, 3Ci/2, 1 / 2,1 = 
X, £ 1 / 2 , 1 / 2,1 = £• For the monotonic properties and the ineqnalities of these fnnc- 
tions, see |AQVV[ IHLVVl IHVV] . For the historical background and study about 


the classical and generalized case of elliptic integrals, we refer to reader to see, e.g., 
AQVVl m lAWl [ml lB3l [BV31 IHLVVl [HVVl IWzq , and the bibliography of these 


papers. 

Before we present the main results of this paper we recall some dehnitions as 
follows: 

A function /: ( 0 , cxd) ( 0 , 00) is said to be logarithmically convex, or log-convex, 
if its natural logarithm In/ is convex, that is, for all x,y > 0 and A G [ 0 , 1] we have 


/(Ax + (1 - \)y) < [/(x)]^ [f{y)]^ ^ . 


The function / is log-concave if the above inequality is reversed. 

A function g: (0, 00) —)■ (0, cxd) is said to be geometrically (or multiplicatively) 
convex if it is convex with respect to the geometric mean, that is, if for all x,y > 0 
and all A G [0,1] the inequality 

g{x^y^-^) < [9{x)]^[9{y)]^~^ 


holds. The function g is called geometrically concave if the above inequality is re¬ 
versed. We also note that the differentiable function / is log-convex (log-concave) if 
and only if x 1 —)■ f'{x)/f{x) is increasing (decreasing), while the differentiable func¬ 
tion g is geometrically convex (concave) if and only if the function x 1 —)■ xg'{x)/g{x) 
is increasing (decreasing), for more details see |B2] . 

This paper consists of three sections. In the hrst section, we give the introduction 
and dehne the dehnitions of the functions which are being studies in the paper. In 
the second section, we state our main results. The third section contains few lemmas 
and the proof of the main result. 


2. Main result 

The main result of this paper reads as follows. 

2.1. Theorem. For p, g > 1, r G (0, 1) and r' = {1 — we have 

( 2 . 2 ) 


^ Kp,,{r) = F— {Ep_,{r) - (r')’ A'p,,(r)) 


dr 


(2.3) 


/ iEpM) = ^ (B„(r) - K„(r)) 


(2-4) ^piKpJr) = (yXT + _ 2 (r')’) Epjr) + (2 (/) 


- I Xf ) Kp.,(r) 
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(2-5) ((p l) + (2 Kp^qir)^ . 

2.6. Theorem. Forp,q > 1 and r G (0,1), we /iat'e 

(1) i/ie function r 1 —)■ Kp^q{r) is strictly increasing and log-convex. Moreover, 
r HA Kp^qir) is strictly geometrically convex on (0,1). 

(2) The function r ha Epq{r) is strictly decreasing and geometrically concave on 

( 0 , 1 ). 

2.7. Theorem. For fixed r G (0,1) and q > 0, 

(1) the function p ha Kp^qipr) is strictly increasing and log-concave on (0, cx)), 

(2) the function p ha Ep^q{r) is strictly increasing and log-concave on (0, cx)). 

For fixed r G (0,1) and p > 0, 

(3) the function q ha Kp^qipr) is strictly decreasing and log-convex on (0, cx), 

(4) the function q ha Ep^q{r) is strictly decreasing and log-convex on (0, x). 

In particular, for r G (0,1), the following Turdn type inequalities hold true 

Ep^q(v^ — Ep—i q(^r^Kp^i q(^rfi P > 1, O' > 0, 

Ep,q{rfi > Ep_i^q{r)Ep+i^q{r), p > 1, q > 0, 

Kp,q{rY < Kp^q_i{r)Kp^q+i{r), p > 0, q > 1, 

Ep,q{rf < Ep^q_i{r)Ep^q+i{r), p>0, q>l. 

The following corollary is the especial case of the above theorem. 

2.8. Corollary. For r G (0,1), we have the following double inequalities, 

Ki^ 2 {r)K^^ 2 {r) < %{r) < K 2 ,i{r)K 2 ,fir), 

JEi^ 2 {r)E-i^ 2 {r) < £(r) < JE 2 ^i{r)E 2 ,-i{r). 


2.9. Theorem. For p,q> 1 and r G (0,1), A < i, we have 
( 2 . 10 ) 
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2.12. Remark. If we let A = 0, then 02 .101) becomes 



Similary, from 02.lip we get 



by letting A = 0. 

3. Preliminaries and prooes 

Before qnote here few lemmas which will be nsed in the proof of theorems. 
The following lemma follows easily from the dehnition and 01.2p . 

3.1. Lemma. |EGL1 Proposition 3.1] For all x G [0,7rp^g/2], 


(1) 

d 






dx 

sinp^q X = 

COSp 




(2) 

d 

dx 

COSp^qX = 

_Q 

P 

(COSp,g 

xf-P 

{siUp^qXy ^ 

(3) 

d 


\v—l 

{P 

- l)q 

/ ■ \( 7 — 1 

dx 

{-coSp^qXy 


P 

(smp^g xy 

(4) 

d 

dx 

(sinp^g xY 

= q 

(sinp,q 

xy-^ 

COSp,g X. 


3.2. Lemma. |BBV1 Lemma 2] If the function v i—)■ K{v,t) is positive and (strictly) 
geometrically convex on [a,b] for t G (0,x), with 0 < a < b and x > 0. Then the 
function 

px 

v ^ fv{x) = / K{v,t)dt 

Jo 

is also (strictly) geometrically convex. 
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3.3. Lemma f |AR[ Theorem (The A-method]). Suppose that the function G given by 
G{x) = satisfies g,G G -^^[0,1] where 0 < a < 1, r/ > 0, A < G M, and 


bj = bj{a,T]) = / f'^g{t)dt, 

Jo 


it follows that 


(3.4) 


g{x) 


rdx = 


(0, 


/o ^ "K1 - A)”+S ^ Vj 


E " (-ArAG.'j)- 


Proof of Theorem 12.IL Applying the derivative formulas given in Lemma 13.11 and 
utilizing the identity fll.2p . we get 
_ P~^ 

(3.5) 


- [COSp^qX) 


{p - l)q {siUp^qX^ ^ (1 - fc'') 


\ fl — kl {silip^q xYY p) P {1 — k'^ {silip^q xYY ^ 

Now by using the definition and fl3.5p . we have 

d f~^ . d ( - (coSp,g 


(1 - (siup^gx)'^)^ 


dx 


9 / 2 


(COSp,g xf 


Y'Y Jo {1 — ri {sirip^q xY)^ ^ 

k1 1 — (siUp^qX)^ 


-^dx 


-^dx 


Y'Y Jo (1 — (siup^qo:)'^) 

pq-l 1 — (siHpjij xY + — 1 


('^'y Jo (1 — r'J (siup^gx)*^) 
7^ {Ep,q{r) - (r'YKp^qir)) 


q\i-- 


dx 


r (r') 


Similarly, we get 


'P,Q . 

2 X _ 

- (1 — (sinp,g xY)p {.~g) (sinp.g xY dx 


ft 

pr 

JL 

pr 


^P,Q 

2 


(1 — (sinp^gx)^)^’ dx- 


^P,Q 

2 


(1 — r'^ (sinp_gx)'^)p ^ dx 


(Ep,g(r) - Kp,q{r)) . 


□ 

With the use of formula fl2.2p and fl2.3p . a lengthy and trivial computation yields 
the proof of 02.411 and 02.511 . □ 
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For p,q > 1 and r G (0,1), it is easy to observe that the functions Kp^q{r) and 
Epq{r) satisfy the following hypegeometric differential equations 

(3.6) ^ 

+ ‘f ’ - 2 (’■T) - (^2 (/)=’ - i (r')’) A',,,(r) = 0, 

(3.7) (E.,(r)) + ) (2 - f^ f = 0. 

respectively. 

Proof of Theorem 12.61 We dehne 

/(r) = (1 -r'?sinp, 5 (x)) 

for p, g > 1, r G (0,1) and x G (0, 'Kp^q/2). Differentiating with respect to r, we get 


(log/(r))' = sinp,g(x)''--^ > 0, 

V Pj 1 — ri smp^q{x)i 


(log/(r))" = 1 - - sinp,g(a:) 


r*? sinp^g(a;)'i 
, {q — + r^(g — 1) sinp^g(a:)'? 


p/ ■■■• ■ (1 — sinp^g(a;)'J)2 


> 0 . 


Bn using the fact that the integral preserves the monotonicity and log-convexity. 
This implies that for p, g > 1 and x G (0, np^q/2) the function r i—)■ Kp^q{r) is strictly 
increasing and log-convex on (0,1). 

For the proof of geometrical convexity, by simple computation we get 

/'(r) = sinp,g(a;)V''"^(l - sinp,g(a;)‘')^/^“^ > 0, 


and 


fir) ) 


= ( 1 - - ) gsinp,g(a;)'' 


r^{\ — sinp^q{x)'^)^/r 2 \' 




1 — sinp_q(a;)'?)^/P“^ 

> 0 . 


ri sinp^g(a;)^)^ 

Applying Lemmawe obtain that the function r i—)■ Kp^q{r) is strictly geometrically 
convex on (0,1). 

For the proof of part (2), let 

g{r) = (1 - r''sinp,g(a;)‘')^/^ 

for p, g > 1, r G (0,1) and x G (0, 7rp^q/2). A simple computation yields 

n 1 ( \\\' ^ r'?-Winp,g(a;)'' 


[rg'{r)\^' q . ^ ^qQr'^ ^(1 — r'^sinp^q(x)^) — r'?(—gr^ ^ sinp^q(a;)'^) 

^ --smp,,(x) (l’-r^sinp,,(a;))2 


and 
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T 

= -Sin 


p,g 




r,q-l 


< 0 . 


P ‘ ' (1 — pi sinp^q(a;))2 

Now the rest of proof follows immediately from Lemma 13.21 


□ 


Proof of Theorem 12.71 For p, g > 0, we define 

/(p,«) = (l-i’)-‘Al-rV)''*’ 

and 

p(p,g) = 

An easy computation yields that 

o -1 

^(log/(p,g)) = — log((l > 0, 

op p^ 

^(log/(p,g)) = -^log((l < 0, 

|(log9(p.«)) = ilog(2^)>0. 

^2 2 / 1 — \ 

For hxed g > 0, the functions p i—)■ f{p, q) and p i—)■ g(p, g) are strictly increasing and 
log-concave on (0, cxd). By using the fact that integral preserves the monotonicity and 
log-concavity. It follows that for fixed g > 0 and r G (0,1) the functions p i—)■ Kp^q{r) 
and p I—)■ Ep^qir) are strictly increasing and log-concave on (0, oo) . For the proof of 
part (3), we get 


d r'?(log(r)(lt'?log(t)(l - r'^)) 

8^<‘°g =- p(i-,,)(i-,,i,) -< 0- 

_ 1 /(log(r) + log(f))2 (log(r) + log(f))2 ^ r91og^(r)^^ ^ ^ 
^^2FogJtp,gjJ (i-rnif l-rU^ + (i _ 

This implies that for fixed p > 0 and r G (0,1), the function g ha /(p, g) is strictly 
decreasing and log-convex on (0, oo). 

In order to prove the monotonicity of the function g h-)- g{p,q) given in part (4), 
hrst we show that for t G (0,1) and g > 0 the function 

M*) = '°g (l) 

has the derivative with respect to t 

E-\log{l/E) + pi - 1) 


(Kit))' 


(1 - h ?)2 
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which is positive by the inequality log(a;) > 1 — 1/x, x > 1. Since, the function hq{t) 
is strictly increasing in t G (0,1). Partially differentiating g{p,q) with respect q, we 
get 

^(log^(p, q)) = - {hq{rt) - hq{t )), 

oq p 

which is negative because the function hq{t) is strictly increasing in f G (0,1). Hence 
g{p, q) is strictly decreasing on (0, cx)). 

For proving the log-convexity of g hA g(p, g), we get 

1 

— (logg(p,g)) = - 3 q{rt)), 

where iq{t) = log(f)^. Now it is enough to prove that jq{t),t G (0,1) is 

strictly increasing and positive. Writing = 2 — 2t‘^ + {1 + t^) log(d^), we get 

\og{t)kq{t^) 

which is positive, because the function kq{t) is strictly increasing in t and negative 
with fcp(O) = 0, in fact 

kq{t)' = log(f) + 1/t - 1 > 0. 

So far we have proved that the function g i— )■ g{p,q) is strictly decreasing and log- 
convex on (0, oo). By repeating the same argument from the proof of part (1) and 
(2), that the integral preserves the monotonicity and log-convexity, we conclude that 
for hxed p > 0 and r G (0,1) the function g i— )■ Ep^q{r) is strictly decreasing and 
log-convex on (0, oo). This completes the proof. □ 



Proof of Theorem 12.91 Let a = r*?, p = g, .^ = 1 — i, g{x) = (1 — x^) p. Applying 
formula fl3.4p and 



we get 


bj{a,g) 








-u) 


pui ^du 
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Now the claim follows easily if we apply the formula 



This completes the proof of fl2.10p . The proof of fl2.1ip follows similarly. □ 
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